Extending the results of [9] , [10] on the holographic representation of local gauge field operators in anti de Sitter space, here we construct the bulk operators for higher spin gauge fields in the leading order of 1 N expansion. Working in holographic gauge for higher spin gauge fields, we show that gauge field operators with integer spin s > 1 can be represented by an integration over a ball region, which is the interior region of the spacelike bulk lightcone on the boundary. The construction is shown to be AdS-covariant up to gauge transformations, and the two-point function between higher spin gauge fields and boundary higher spin current exhibit singularities on both bulk and boundary lightcones. We also comment on possible extension to the level of three-point functions and carry out a causal construction for higher spin fields in de Sitter spacetime.
Introduction
It is well-known through the AdS/CFT correspondence [1] that a strongly-coupled conformal field theory with a large number of colors in d dimensions is dual to a semiclassical gravity theory in d + 1 dimensions which is a local field theory. In [2] and [3] , explicit operator dictionaries were constructed that relates near-boundary bulk fields to operators in boundary CFT. To probe deeper into anti de Sitter space, one has to identify the local operators deep in AdS with non-local operators in the boundary CFT.
For scalar field at leading order in large-N expansion this is done in [4] - [6] , and further refined in [7] . The * debajyoti.sarkar@physik.uni-muenchen.de † xx2146@columbia.edu construction is carried out at order by order in 1 N with interactions in [8] where the equivalence between this present CFT construction and bulk construction of local bulk operator was properly established.
In [9] and [10] , local operators with integer spins, especially gauge fields with zero mass such as bulk photon field and graviton field were constructed. The construction was shown to be AdS covariant, with two point functions between bulk gauge fields and boundary currents having bulk and boundary light-cone singularities. Causality was shown to be respected by gauge-invariant operators such as electro-magnetic field strength and Weyl tensor.
1
In this paper, we extend the construction to higher spin gauge fields with s > 2. Higher spin gauge field has recently attracted attention since a certain consistent higher spin gauge theory with interactions in AdS space [11] is conjectured [12] to be dual to free SO(N) vector model. Furthermore, the analytic continuation of this duality was proposed as a realization of the idea of dS/CFT in [13] , [14] . Recently [15] discussed the smearing construction of scalars and spin-s gauge fields in dS.
2 However the spin-s gauge field construction in [15] uses the normalizable boundary condition of AdS and analytically continues the result to the dS space. Such construction is manifestly acausal and kills either the positive or negative frequency modes of the bulk field. In the present paper, we improve the situation by including both the modes, which for AdS corresponded to both the normalizable and non-normalizable modes. This could be done by first considering the AdS bulk operators in terms of its boundary values on a cut-off surface in the bulk [16] and then analytically continuing the result to the dS space and subsequently taking the boundary limits.
Another motivation to study bulk locality in the presence of bulk higher spin fields is intimately tied to the understanding of the required CFT properties for it to have a local bulk dual. The smearing construction from a point of view of microcausality is quite tailor-made to address such questions. A recent take towards answering such questions comes from the work of [17] , [18] . The basic conjecture is that for a CFT to have a local bulk dual, all the single trace operators of spin greater than two should have parametrically large dimensions. This is a statement to be made at the level of four-point functions where we have the notion of locality of interactions and where interactions with spin-s gauge fields are relevant in the bulk. It will be interesting to therefore see how does this constraint show up from the microcausality perspectives. Here we don't study the four-point correlators as of yet and leave it for future studies. A starting calculation, to fully appreciate the complexity of the problem, seems to be to simply work with a bulk scalar at this O(1/N 2 ) order [19] .
To construct gauge fields with higher spin, we work in holographic gauge, in which the calculation is simplified. We show that as in the cases for massless spin-1 and spin-2 fields, one can construct 1 Here by (micro-) causality we will simply mean that the corresponding operator commutes with any other (bulk or boundary) local operator at spacelike separation. 2 Here and afterwards, we will simply assume some form of dS/ CFT correspondence in its flat slicing (which can be taken to the global coordinates). We will think of the bulk correlators are to be evaluated in Hartle-Hawking vacuum which when taken to the boundary, correspond to the Euclidean CFT correlation functions.
local spin-s field in AdS bulk as a non-local operator smeared over certain region on the boundary; for s > 1 the smearing function has support inside the bulk lightcone while for s = 1 the support is on the intersection between the bulk lightcone and the boundary (i.e. over a boundary ball and a spherical region respectively). Applying AdS isometries on the bulk operators generically brings the field out of the holographic gauge, but it is shown that one can always do a gauge transformation to bring the field back to holographic gauge, thus establishing the AdS covariance of the construction. Two-point functions of higher-spin fields and currents are calculated and shown to possess the singularity structure compatible with microcausality.
The plan of the paper is the following: In section 2 we briefly review the holographic construction of bulk scalar field, vector gauge field and graviton field, at the level of N 0 . In section 3 we extend the construction to spin-s gauge field and get an explicit smearing function. In section 4 we check the AdS covariance of the construction. It is shown that the construction, which is done in holographic gauge, is not covariant under AdS isometries, but is covariant up to a gauge transformation. In section 5 we look at two-point functions between a bulk gauge field and a boundary current where it is shown that besides the singularity on the bulk lightcone, singularity generically arises also on boundary lightcone, thus signaling non-locality for gauge fields. In section 6 we study the three-point function of higher spin fields using the leading order smearing function and show that similar bulk and boundary lightcone singularities arises there too. Section 7 is devoted to the higher spin field construction in de Sitter space.
We conclude in section 8 with some comments on bulk locality in higher spin contexts and prospective future directions.
Holographic Representation of Scalar, Vector and Tensor Fields
In this section we briefly review the construction of local spin-0 and massless spin-1, spin-2 fields in AdS d+1 /CF T d . We work in Poincaré patch with metric (taking AdS radius R AdS to be 1)
A bulk scalar with dimension ∆ =
can be constructed via summing over all normalizable modes in the bulk [7] :
with the mode related to a boundary local operator by
Putting a ωk into the mode sum one obtains the representation of a local scalar field in AdS bulk as an integral on the boundary with compact support, via complexifying the boundary coordinates.
For ∆ > d − 1 the integral is well-defined, but it diverges for ∆ = d − 1 which is a tachyon with mass m 2 = 1 − d; the construction in this case is carried out in [10] , where it turns out that the integration domain is on the sphere S d−1 on which the bulk lightcone intersects with the boundary:
is the surface area of a d − 1 sphere.
The construction for scalars are very useful for the construction of gauge fields; the case for gauge fields (in holographic gauge) can always be reduced to the scalars with certain mass and be directly constructed with the help of the results above for scalars.
Let's start from massless spin-one field. In this case, the source-free bulk Maxwell equation
can be solved in holographic gauge
One can further impose that
which can be thought of as the conservation of the boundary current 
the equation for A µ can be written as the free-wave equation for a multiplet of scalars with mass squared
Thus the gauge field A µ can be constructed via the construction of scalars Φ µ :
The construction for graviton is similar. Working in holographic gauge
one solves the bulk equation for linearized graviton propagation in AdS space
One can further impose the conditions
because of the conservation of the boundary currents
The µν component of the bulk equation then gives
Defining a multiplet of scalars
we have the equation for Φ µν as an equation for massless scalars
Therefore the bulk graviton can be represented as
3 Holographic Representation of Massless Spin-s field
In this section we carry out the construction for a general integer spin gauge field in AdS d+1 in terms of smeared local operators in the field theory.
As is well known, massless gauge fields in AdS are represented by totally symmetric rank-s tensor Φ M1...Ms satisfying double-tracelessness conditions.
The linearized equation of spin-s gauge field on AdS d+1 is [20] , [21] , [11] 
This equation is invariant under the gauge transformation
We would like to work in holographic gauge in which all the z-components of the gauge field vanishes, so we shall generalize the holographic gauge from vector and rank-two tensor to rank-s tensor
One can always make this gauge choice because given a general field Φ
M1...Ms , one can perform a gauge transformation Φ → Φ + ∇Λ so that
. . .
The number of gauge parameters are just right to satisfy the set of equations and fix the holographic gauge for generic spin-s gauge field.
The bulk gauge field is dual to totally symmetric, traceless, conserved rank-s tensor on the boundary:
In holographic gauge, only three components of the bulk equation are non-trivial, they are zzµ 3 . . . µ s :
and all the other components with more than two z's vanish trivially.
Since the boundary currents are conserved and traceless, we can consistently set
and we have the µ 1 . . . µ s component of the equation as
To turn the problem of constructing spin-s gauge field into constructing sclars, we define 
as a multiplet of scalars. And the equation for Y µ1...µs is
which is just free scalar equations with mass parameter
corresponding to scaling dimension
The near-boundary behavior of Y µ1...µs is
So one can directly construct the bulk spin-s field:
for field with integer spin s > 1. We see the field behaves like z ∆−s = z d−2 near the boundary. Also, it
gives rise to the expected scaling dimension of the conserved boundary currents.
AdS Covariance
In this section we check the covariance of the construction. We apply Anti de Sitter group transformations to the local operator constructed in last section, and see if it is covariant up to gauge transformations.
The covariance under dilation is pretty straightforward, since both sides of (41) have the same scaling dimension and thus rescaled in the same way when applied by a dilation. The special conformal transformations are less-trivial. The bulk AdS isometries that correspond to special conformal transformations, are
Also, for a higher spin field we've
which gives transformation laws for components:
The transformations bring the gauge field out of holographic gauge, which requires a compensating gauge transformation to recover the holographic gauge. Such a gauge transformation takes the form
with the gauge parameters
where we defined the AdS invariant length
and in the gauge parameter above, σz ′ and σzz ′ should be understood as in the limit z
and
We see the Φ zµ2...µs components are brought back to zero and holographic gauge restored, while Φ µ1...µs components get an extra piece from gauge transformation which combines with the AdS transformation and gives
This can be further simplified if we consider current conservation, which gives
Integrating by parts we get
This suggests we can replace the x ′ with x in (54) above:
which matches with the transformation of the boundary current under special conformal transformations when one combines with the transformation of the integration measure:
5 Non-locality at Two-point Functions
In this section we look at two-point functions between a spin-s bulk gauge field and spin-s boundary conserved current. As spin goes up, the structure of such correlation functions involves more and more complicated tensor structures and hence a more convenient way of studying them is to contract the indices with null vectors, forming contracted operators without indices.
Two-point Function of Operators Contracted by Same Null Vector
Here we start from two-point function of spin-s operators that are formed by contracting with a certain null vector n µ for all the indices of both the spin-s currents. The advantage of this approach is that we can keep the calculation under control as s goes up, without worrying about the tensor structure which becomes more and more complicated. We lose some of the terms in the two-point function, because any term in the contraction that is proportional to η µν , vanishes when contracted with n µ n ν . Still the correlation functions of these contracted tensors reflect generic features of the terms that appear in the full tensor structure. We will see that the two-point correlation function between a contracted bulk gauge field and a contracted boundary current exhibit both bulk and boundary lightcone singularities, and is thus acausal. This kind of acausality is allowed as it is due to the gauge redundancy of the fields we are constructing, and thus not causing any physical trouble.
The contracted spin-s current is defined as:
In a d-dimensional CFT, the two point functions for such spin-s operators from conserved currents are
Then the two-point function of a spin-s gauge field and a spin-s conserved current is written as
To evaluate this integral, we must handle the hidden powers of x µi . They give tensor structures that can be quite complicated for high spins. For example for spin-one we have
We notice that there is a term proportional to η µν which is eliminated when contracting with null vector n µ and only the second term, which is a total derivative, remains. Generically for higher spin two-point functions, the tensor structure can always be written down as a sum of terms with different
what remains is always a term with 2s derivatives on a certain d-dimensional scalar function:
Thus the two-point function here is obtained by applying derivatives on a certain integral:
with
The integral is evaluated to be
We see that in general it gets singularities on boundary lightcone from the factor onto the boundary. Therefore the two-point functions appear to be non-local. But since they are gauge-dependent, such acausality is allowed.
Correlation Function with Different Null Vectors
In the previous subsection, we have computed the two-point function between two spin-s boundary operators contracted with the same null vector. As we have mentioned before, doing so makes us lose some information about the two-point function and is usually not how are they generally treated in higher spin theories. Here we generalize the calculation by introducing different null vectors [22] separately for the two spin-s operators. The final bulk-boundary propagator is then obtained as a sum of terms with each terms showing both the bulk and boundary lightcone singularities.
The conformal invariant two-point function for these currents is
Here c(s 1 ) is the normalization of two-point function in the CFT which we can set to one for all the gauge fields. On the other hand,
this quantity encodes part of the full tensor structures one gets in tensor correlation functions. Here we are contracting all the indices of an operator with a certain null vector, and for the operators in the correlation function we assign an independent null vector for each. That is, in this case we can have different null vectors for the first and second operator in the two-point function. Notice that once we set n = n ′ in the expression above we are back to the two-point function computed in the section above.
Thus it can be thought of as a generalization of the calculation there.
The two-point function can be decomposed into a sum using binomial theorem:
Now we smear the first operator in the two-point function with the prescription established in the previous sections:
where the integration is over a ball of radius z (and z ′ → 0 for normalization). The only combination for the terms in the parenthesis, that transform covariantly under conformal transformation, is given by a combination of η µν and partial derivatives (for an analogous expression for spin-1 and 2 cases, see [10] ) and the factors of
associated with it could be found out by dimensional analysis. These facts give a unique series expansion for the bulk-boundary correlator given by
Now to understand the causal structure of the field Φ (s) (n, x), we define, as in [10] , the quantity
So we need to understand the causal structures of J 2−s (s, d) for various values of s and their derivatives.
Once again following the same steps as in [10] or the last subsection, we find that they contain both bulk and boundary light cone singularities via terms like (taking x 2 = 0 e.g. and calling
Because each of the terms in the bulk-boundary correlator has both the bulk and boundary lightcone singularities, once again the gauge fields Φ (s) (n, x) don't satisfy bulk locality.
6 Non-locality at Three-point functions
To understand the dynamics of quantum gravity in the presence of higher spins in AdS space, the first step will be to go beyond free bulk theory and to introduce interactions between the higher spins, i.e.
to do 1/N perturbation. Although as N is still large, we can expect the bulk theory to have properties that we will expect in semiclassical theories. Indeed in [8] , [23] and [24] it was shown using the smearing technique that up to spin-2, it is possible to construct local bulk operators just from the principles of microcausality. In this section we study the same for spins higher than 2. More precisely we study the three point function involving a higher spin bulk gauge field and boundary higher spin conserved currents (using the leading order smearing function) 5 . We find that once again the gauge fields fail to satisfy bulk causality. For technical reasons, our results are more limited from the earlier results up to spin 2.
For example, we do not find out the precise 'gauge invariant' higher spin boundary currents which, if exist, should have the correct locality properties with e.g. a charged bulk scalar (whose definition might involve the need to include a smeared tower of non-primary boundary operators 6 [23] ). Also, e.g. we do
not find the precise bulk gauge invariant higher spin operator, which, presumably upon modifications by smearing of higher (conformal) dimensional boundary currents, will commute with another boundary current. 7 However, see section 8 where we briefly comment on bulk locality.
The three-point function for higher spin conserved current in CFT d has been given by [25] e.g. 8 It takes the form
Once again different currents have been contracted by different null vectors to keep the treatment general.
Here
One may ask whether the leading order (in 1/N expansion) smearing function is the correct smearing function to use in a three-point function. It is not. In fact, this is a way to see that such smearing function is insufficient and to avoid the singularity structure, probably one needs to add higher dimensional multitrace operators. However, as these are massless gauge fields, one should find out (like the cases for spin-1 and spin-2 as in [23] , [24] ) that such modifications are still unable make the gauge fields local. We don't show it here. 6 The appearance of non-primary operators turns out to be necessary as the charged bulk scalars transform anomalously under AdS isometries. 7 However the statement of gauge invariance from three-point function level and from spin-2 case is already quite uncertain.
For example, the field strength tensor for spin-1 remains a local operator at order 1/N . But, it is not clear whether the same is true for Weyl tensor. 8 Equivalent expressions are given in e.g. [26] . But their whole construction is based on the embedding formalism of AdS space (discussed therein). The smearing construction in embedding language is briefly discussed in [15] . See also [21] , [22] .
The only difference here is that the null vectors a's have dimensions of length, unlike n's introduced in the previous section. This means the index contracted conserved currents have dimension d − 2. At the end to get three point correlator, we should pick up the term proportional to a
3 . Under a conformal transformation x →x, these null polarization tensors also transform as
All one needs to do now is to smear the first operator O s1 to construct a higher spin bulk operator using the higher spin smearing function and study its commutator with another operator (e.g. O s2 ) where they are spacelike separated from one another. Once again, to realize that the commutator changes as we go from a timelike to spacelike separation, it suffices to consider a bulk-boundary three-point function and study its singularity structures:
Once again we expect the answer to involve both bulk and boundary lightcone singularities. But as is clear from (73), the full calculation is quite messy. Below we will make some approximations to simplify the calculation and to clearly see the structure of the non-locality.
We start with x 2 = 0 and x 3 → large. Also, as we are most interested in the x 1 integral, we will mainly concentrate on the x 1 dependent terms below 9 . We see that only V 1 and V 2 has x 1 dependence which go as − . We will also need to see how the hypergeometric functions 0 F 1 and F behave. Using their series expansions, we see that in this limit
Note that at the end all the terms are multiplied together, so it's okay to work this way.
So, at the end the integral at the right hand side of (74) contains integrals like
where in the last line we have expanded the exponential. We see that each term of the series is just like (72). In fact we have
For each term in the series we have both boundary lightcone singularities as x 2 → 0 and bulk lightcone singularities via the z 2 x 2 factor in the hypergeometric function. They survive for every m, n, l ∈ Z + . We should however note various shortcomings of the above calculation. Not only that we don't have a closed form expression, the result is also obtained at particular limiting values of the boundary coordinates and is hence non-covariant. It will be fulfilling to obtain a result in fully covariant form in terms of AdS covariant distances of various operators.
Higher Spins in de Sitter
In this section we change the gear slightly and discuss the higher spin construction in dS space.
As shown in [15] , a local scalar field in dS is given by smearing two sets of boundary operators of one has (η here is the time coordinate; see (82) below)
However, there are few subtle issues regarding constructing higher spin fields in de Sitter background, namely the higher spin fields in dS behave like scalars in dS with m 2 < (d/2) 2 . This is problematic as then their boundary components fall off at different rates and aren't oscillatory (although this is not a pathology itself, as the boundary theory is non-unitary). Thus they don't always have a good positive/ negative frequency interpretation (although, if the spins are non-integers or we have non-integer conformal dimensions, one can analytically continue the construction of m 2 > (d/2) 2 in dS to this case).
Hence to tackle the higher spins in dS, a minimalist point of view was taken in [15] . Namely, one can just analytically continue the AdS result of higher spins to the dS case by an analytic continuation of coordinates. However, this construction is manifestly acausal as here one simply ignores either the positive or negative frequency modes of the bulk fields 10 . To make a causal construction in dS, one must incorporate both the boundary operators and sources [15] , [16] . However the technicalities could be overcome, if one starts from AdS smearing function on a cut-off surface (without imposing the normalizability condition) and then analytically continue to dS and take the boundary limit. In [16] it was done for massless scalars in AdS 2 and it reproduces the correct dS 2 massless scalar smearing (thereby all the causality properties of its correlator). It is possible to do it for higher dimensions and massive cases, although it is then difficult to confine the smearing support over a finite region. But nonetheless a construction is possible. Now to address the specific mass range in question, i.e. dS with m 2 < (d/2) 2 one can simply start from higher spin fields on AdS (for which
2 ) at the cut-off surface and analytically continue the result to dS. It not only should then reproduce the required smearing function, it also corresponds to the required mass range for dS. But as the behavior of higher spin fields in AdS is nothing but like massive scalars in AdS, one can simply borrow the results of scalar smearing on the cut-off surface.
To begin, we start with our results in section 3, where we found out that the higher spin fields in AdS behave like massive scalars which correspond to boundary fields of conformal dimension ∆ = s + d − 2.
We assume that the cut-off surface is located at z = z 0 and as the standard near boundary behavior of a scalar field, it also behaves around the cut-off surface as
Note that we get the correct z → 0 behavior from here as we take z 0 → 0 and also that as we take z 0 → 0, the boundary value operators φ b,cut and j cut becomes boundary operators of dimensions ∆ and d − ∆ respectively (as one needs for dS smearing functions). Note that usually these two operators are related and not independent in AdS construction, because of the imposition of the normalizability condition.
But as our goal is to connect it with the dS result, we will not impose any such condition (which is once again compatible with the non-unitarity of the dS boundary theory). For a massive scalar Φ, which corresponds to a boundary operator of dimension ∆, standard AdS/ CFT dictates a free massive bulk scalar Φ has two independent solutions [27] . Their Fourier components are
Conclusion and Outlooks
The main results of our work here was a complete field theoretic construction of higher spin bulk gauge fields in AdS and dS which also appear in various higher spin AdS/ CFT and dS/ CFT dualities.
We found that the higher spin fields constructed this way is AdS covariant and from studying their twopoint correlators it is evident that they have the non-local behavior which one expects from a generalized Gauss law. However, there are also some very interesting questions that remains to be answered. Namely, it will be really satisfying to see that such non-localities are precisely what one expects from a Gauss law type constraints and whether one can finally build out a local gauge invariant quantity (like a higher dimensional analog of Weyl tensor) completely out of the boundary observables. 13 The higher order in 1 N are also of considerable interests for reasons mentioned in the introduction. Here We took the first step to study, the already complicated three-point bulk to boundary propagators and noticed that if one uses the leading order smearing function, it is still possible to distinguish the bulk and boundary singularities. Before pinpointing the correct smearing function for this order or to study higher point function, a natural calculation seems to be to just pursue the scalar field construction for four-point function to study bulk locality [19] .
As mentioned before, it is not possible to gauge away the boundary singularities for higher spin gauge fields because such non-locality is needed from the point of view of bulk Gauss laws [9] , [10] , [28] . But it's natural to anticipate locality for gauge-invariant tensors like F µν or Weyl tensors which also exists for higher spin theories. 14 For now we will leave such calculations involving 'Weyl tensors' for future work. However here we point out the direction towards the answers to some of the previous questions.
For example, one can also try to do an alternate calculation to convince oneself that the non-locality that we get in (74) is at least expected by the bulk Gauss constraints. A possible direction will be to do a calculation similar to [23] where it was shown for a boundary gauge current that inside a three-point function with other bulk charged scalars (charged under a U (1) gauge field), it satisfies the correct Gauss constraint. To this end, one can start with a three point function between a higher spin conserved current in the boundary and two boundary spin-0 operators with dimension ∆ [30] (as required by Ward identity). For simplicity here we stick to CFT 3 so that the current O µ1...µs has dimension (s + 1 
The integration appearing here is completely similar to (72). Hence we note that the boundary gauge invariant higher spin current doesn't commute also with bulk scalars as the integration inevitably gives both bulk and boundary lightcone singularities as x 12 → 0 (this is of course extendable to higher dimensions).
But to show the compatibility of this non-locality with the bulk Gauss constraint, the next step be to consider two bulk scalar fields charged under the higher spin currents and to check whether they commute between each other.
However aside from these technicalities, there is a bigger goal to all this. One of the major outcome of current research is the understanding of higher spins as some limits of string theory itself [32] , [33] .
And at least for large central charges we now have a complete identification of higher spins from the corresponding boundary operators which is completely well defined. It thus remains to be seen if our recent work can play a key role for a gauge theory identification of stringy degrees of freedom.
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